The data obtained on the radiation spectrum fields can be utilized to compute the inte-
grated optical characteristics of a material and the integrated radiation field distribution
in a layer that are needed to determine the heat source for an analytic description of the
temperature fields under IR-expose.

NOTATION

R! Ti Rim are directional-hemispheric (€. 27) thermoradiational characteristics; Ry,

)\’
Ty»> Ry are bihemispherical (2w; 2m) thermoradiational characteristics; Lo, EA, $), £) are
optical characteristics-the effective attenuation, absorption "back-scattering", and extinc-
tion coefficients, m~'; ¢, and C, are Duntley parameters, E; is the density of diffuse, and
E! the density of directional monochromatic radiation flux incident at a certain angleo,

W/im?; wi and w, are the magnitudes of the absorbed radiation energy flux under directional

and diffuse exposure, W/m3; E,° is the magnitude of the spatial irradiance, W/m?; and q, is
the density of the resultant élux, W/m?.
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HEAT TRANSFER IN ANISOTROPIC METALLIC MEDIA

V. R. Sobol!' and T. A. Krivoruchko UDC 539.22:536.2

The temperature distribution over the cross-section of a metallic sample with
anisotropic kinetic coefficients heated by an electric current in liquid helium
has been studied.

As is known, low-temperature phenomena of heat and charge transfer in metals are deter-
mined by the degree of nonequilibrium of the conduction electrons, their dispersion law,
which results in the interaction of these phenomena, and their distinct influence on each
other [1-5]. This appears to be especially strong under conditions of anisotropy, both natu-
ral, crystalline anisotropy, and also artificial anisotropy introduced, for example, by a
strong external magnetic field. Thus, in metals belonging to a cubic crystallographic system,
kinetic coefficients that are described by scalar values in the absence of a magnetic field
become tensors of the second rank in a strong magnetic field; the latter results in the emer-
gence of many cross effects in thermal electrotransfer.

In the present work results are given of the study of a steady-state problem of heat
transfer and of the effect of the conditions for the Joule power dissipated in the volume of
a sample on the temperature distribution over the cross-section of a metallic single-crystal
sample in a strong transverse magnetic field with temperature-dependent kinetic coefficients
of the metal.

Institute of Solid State Physics and Semiconductor Physics, Academy of Sciences of the
Belorussian SSR, Minsk. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 58, No. 4, pp.
670-675, April, 1990. Original article submitted January 23, 1989.

514 0022-0841/90/5804~0514$12.50 @ 1990 Plenum Publishing Corporation



As an object of study we have chosen a sample having a square cross-section with a cur-
rent flowing along the sample parallel to the OX-axis with density jy that is constant over
the cross-section, i.e., we use an approximation of a specified current that is typical for
low-temperature transfer phenomena, with the current along the other directions being absent
in the entire volume of the sample, i.e., jy = jz = 0. The sample is immersed in liquid
helium so that one pair of faces [normal with respect to the vector of the magnetic field
intensity H = Hg (Hx = Hy= 0)] is adiabatically isolated from the environment, and heat
flow along the 0OZ-axis is absent in the entire volume of the sample (qz = 0). The other pair
of lateral faces (normal with respect to the 0Z-axis, with coordinates y = #d/2, where d is the
the transverse dimension of the sample) is open and has the temperature of liquid helium,
equal to 4.2 K. The heat is dissipated through these faces. 1In this case, when the released
joule power is dissipated in a thermostat, the temperature distribution over the cross-section
of the sample is determined from the steady-state equation of heat transfer, which in dif-
ferential form is '

divg —jE =0, (1

where g is the heat flow through the lateral surface in the direction of external normal
toward this surface, and jE is the scalar product of the vectors of the current density and
the electric field intensity, representing a heat source in the given volume. To formulate
the problem in closed form, Eq. (1) should be supplemented by the generalized equations of
charge and heat transfer, which in differential form are written as

. ar
Ei:.oik]k‘}‘@ih _‘ﬁh—, (2)
. oT
G = T Jp— Mg X, (3)
where i, k = X, vy, 2z, and summation is assumed over repeated indices; Ej and qi are

the components of the vectors of the electric field intensity and heat flow along the
i-th direction of the Cartesian system of coordinates; pjg, @ik, and % are components of
the electrical resistance tensors, thermo electromotive force, and heat conduction; wix is
the component of the tensor describing the Peltier effect; and 37T/8Xy temperature gradient
along one of the directins (x, y, z).

By using the condition that the dimensions of the sample along the direction of the
electric field are much larger than the transverse dimensions, we apply the approximation of
an infinitely long sample, for which the distribution over T or the temperature gradient
along the long axis is absent, i.e., 3T/6x = 0. At first, as a sample material we consider
a simple noncompensated metal with a closed Fermi surface in which elastic interaction with
impurities dominates in the scattering of conduction electrons; this allow us to introduce
a temperature-independent electron relaxation time T, i.e., we can use the so-called t-ap-
proximation for describing the kinetic coefficients of a metal. By eliminating from the
expression for the flow g, the gradient 3T/3z, we obtain from (1) the following equationm,
by solving which we determine the temperature distribution along the OY-axis:

/ % 9T N\ 0T \2 Ry
(nyx—ﬂzx vz ) Ix —(xyy—xyz __-’/) &_) -——(xyy —ny, £ X
T T

o 0y e/ 7\ OY oz ()
0T .2 . ?_7; :ﬂi_zi .2 —a Aoy E P ’
X -é—y? = Paxx jx T Oy Jx ay + O, . Ix Xz Ror 3y Ix

We introduce the notation

’ %
. . 2y
) F =y — %y, )
T 2z

Koy Hyz

D= Oy — %xz - (”yx — T

%ZZ 2z
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where the prime and T next to the parentheses denote the differentiation of the expression
inside the parentheses with respect to temperature. The differential equation obtained con-
tains coefficients for 3T/dy, depending on temperature. However, taking account of the fact
that in the t-approximation the kinetic coefficients of the metal in (4) have a simple, i.e.,
explicit linear or quadratic dependence on T (o007 ;oo T; ;i coqinToT?) , it is easy to
reduce Eq. (4) to a form in which the coefficients for the derivatives are constants. Indeed,
since all the coefficients for 3T/8y in (4) contain the temperature only in the first power,
it can be readily factored out, and after regrouping terms, Eq. (4) can be represented in

the form

3 (T . 9 [ 8 T .
(rmre ) 1 (B) = (5 ) eir
’ Tr

o J1r 0y \ 2 g \ay 2 3y
‘., oT . 2x
+( gy @) }xT — = Pxx 33 + Qoxy Eb"fi’
Koz / T Ay Hzz
or after regrouping,
. 0 a ;T2 . 0 /T2 T .2
—Fr — [ = (= Dy —{—)— @) 20,
T (3y (5_41 (2 )) + Dr ay \ 9 ) (pxx"l“d’xz %zz’)f (5)

. ; . . : . . a
The equation obtained is an equation of first order with respect to the quantity W
4

«g;) . It should be noted that in the expression describing the source of heat, pyy does not
depend on temperature, since a slight warming-up of the sample does not violate the elastic
character of the electron scattering, and pxy agrees with the residual resistance p, in order

a’xz

of magnitude, while 7z, in turn, is a quadratic function of the temperature.

KZZ

We estimate the values of the kinetic coefficients of the metal entering into (5). Thus,
for the residual resistance p, ~ 10-'® ohm-cm, from the Wiedemann-Franz law and the Lorentz
number, we obtain x~ 2.4:102 TW/(cm*K?). The order ofmagnitude of oy, for the given case is
10-% V/K. 1In order to estimate the quantity m,y we use the condition of the symmetry of the
kinetic coefficients in a strong magnetic field [4]:

Tip = EuOn: Eu(H)=—TB; (H), (6)
where Big is a proportionality constant between the current density and the temperature gradient
in (2) rewritten in the form

| | aT
j;= 0 E i~
i kh+ﬁda&

By using expressions for the tensors B and p in the presence of a strong magnetic field

[4]:

v Cue v C:cy v-Cs, By v Bxy B,
p=1—vCxy Vel vCy ], o= (’V“I'Byx By By, |,
—7-Cr; —n- Cyz C., By B, B,

where vy = (wt)-!, w is the cyclotron frequency, 1 is the relaxation time of the charge car-
riers; C and B are the values of the corresponding kinetic coefficients for H = 0, it is easy
to show that 7,y for the given case agrees in order of magnitude with 7 in the absence of

a magnetic field, i.e., s ~arf?~ 16-10-8 Vfor T = 4.2 K. Finally, by comparing the
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numerical values of the quantities x,%;! m..  and pgy, it is easy to notice that Qs
is larger by seven orders of magnitude and without a noticable loss of accuracy of the solu-
tion we can neglect the term containing @ux;;'m., 1in the expression for the heat source.

The equation obtained is easily solved in order to determine the second constant of integra-
tion with the symmetry condition 8T/3y = 0 for y = 0 being used. As a result we obtain the

following temperature distribution along the OY-axis:

Drjy Drjy Fr = J
- (7)
Drj. L Drjy Fr 2 2
Consequently, the temperature gradient at any point is described by the expression
3= .9 . ‘ [ 2
ar _ V2 {pi“x.]"[— 7 exp (—D—T,’—x-y> ——y}»{——T—"——
dy 2 \Drjy L Drjs Fr 2
1
+2 F’ ’ D’ N d, \ d SN
—3&’.1[——7.— exp(-—fﬁ—)—-~J} X (8)
Drjy Drj, . Fr 2 2
el -y 1
X I'pu\,&].x exp (_.&;’i‘.y) — ]J .
lDT].x FT

We simplify the given expression and estimate the values entering into it. Thus, for
the closed Fermi surface from expressions for p and B we obtain the order of value iy«
fyx=vyn , while and x%y: are determined by expressions Guy=vVo; %yy=vy%; Xy:=1V¥,
with o = 10-% V/K, and x>~ 9.8:102 W/em*K). We estimate the value of the expression under
the exponential sign

{ % ‘
.. Oy — @, o (ftyy — Tl Hy ! '] i
Dirj. _ x xz " (Tyz xz%yz¥y, )r !T]x (9)
Fr (Ryy — Ay k% )7

In the magnetic field H = 100 kOe, 8T = 7.2-102, and the argument of the exponent is
equal to 3.6.10~" em~?', which allows us to expand the exponent on 2 characteristic length
equal to the transverse dimension of the sample in a quickly converging series and to restrict
ourselves to the first nonvanishing terms. As a result, the expression for 3T/dy for y = d/2
assumes the form

ar Osef d
= - = (10)

—1 ’
dy (dyy — %y Pay¥zz )T 2

The same consideration is applicable for metals with a more complicated law of disper-
sion of conduction electrons, for example, when the Fermi surface is not closed (a corrugated
cylinder open along the transport direction 0X). However, in order to convert from Eq. (4)
to an equation with constant coefficients it is necessary to compare pyy and @;'m,  in
magnitude under the new conditions of openness of the Fermi surface. For the case of a metal
with Fermi surface open along the 0X-axis, tensors B and p are of the form

¥2Csx VCiy  VCuz 2By Y "By ¥V B

B =1 10w Cuw Cy]s 0= (?‘1Byx Byy By, §. : (11)
) Yczx Czy sz YalB:x Bzy ‘Bzz

By using (6) it is easy to find out that m.~~y’'m . With account for the fact that paxx®

(07) %00, da:>wtee  and  x:22x , we obtain that the relationship between the values pyy and
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%w:Ma%y,'  for the case of an open Fermi surface does not change since both values increase
by the factor (wt)?. This allows us, with the previous accuracy, to ignore the term Gu:=in}!
as compared with pgy (4).

In order to estimate the temperature gradient on the lateral face of a real metal sample
with open Fermi surface we should simplify Eq. (8). In order to do this we list the values
of parameters entering into the argument of the exponent in (8), determining beforehand from
(11) and (6) the values of the components of the Peltier tensor my, and Tyx, Which in order
of magnitude constitute Mu~VyT , mya~ny” and ooyl Oz Oy Ryy ™™ Uy%. . Substituting .
the obtained values of the components of tensors of kinetic coefficients of the metal with the
open Fermi surface in (9) and retaining the lowest powers with respect to the parameter v,
we obtain that the argument of the exponent remains a quantity of the order of 10-* cm~! as
before. Therefore, even in this case we can simplify (8) by expanding the exponent into a
series; after that, the expression for the temperature gradient on the lateral surface of
the sample assumes form (10). If it is taken into account that the functional dependence
of the kinetic coefficients on the magnetic field (in metals with a closed Fermi surface,
pgx does not depend on H, but xyyo/1~* while in metals with the Fermi surface open along
the OX-axis #yy~% but pxx©f1?) | then it becomes apparent that the temperature gradient on
the lateral surface of the sample both for the case of closed and open electron orbits is
the same in order of magnitude. The estimated transverse temperature gradient in the aniso-
tropic medium causes a thermoelectric contribution of the transport current to the electric
field according to Eq. (2). In this case the sign and magnitude of this contribution are
determined by the direction of the magnetic field and by peculiarities of the band structure
of the system of charge carriers. Therefore, in a metal with open Fermi surface, this con-
tribution is much larger than for a metal with a closed Fermi surface because the components
of the tensor of the thermoelectric force agg and ag% differ by a factor of (wt)? i.e.,
d§§ = y-ta, ag% =« ya. This, however, does not mean that in the given approximation the frac-
tion of the thermoelectric effect in the overall potential difference being measured in the
case of the open Fermi surface is larger than for the closed, since the ohmic voltage drop
also increases in the given case by a factor of (wt)? due to the diagonal component of the
tensor of electric resistance.

Therefore, the conducted analysis shows that in the course of the low-temperature experi-
ment on galvanomagnetic properties of metallic media, in addition to the harmful effect of
the intrinsic field of the transport current on the charge transfer, it is necessary to con-
duct studies on the magnitude and effect of thermoelectric phenomena on the desired ohmic
voltage drop, which is particularly timely for low-ohmic high-purity metals, requiring large
densities of the transport current.
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